Linear Dynamically Varying (LDV) systems are a subset of Linear Parameter Varying (LPV) systems characterized by parameters that are dynamically modeled. An LDV system is, in most cases of practical interest, a family of linearized approximations of a nonlinear dynamical system indexed by the point around which the system is linearized. Special attention is devoted to nonlinear dynamical systems running over a Riemannian manifold. Such (local) differential geometric concepts as curvature play a crucial role in defining the LDV approximation. Furthermore, such (global) topological properties as parallelizability, Euler characteristics-and a global "flatness" concept-are crucially involved in defining the problem in a computationally attractive coordinate-dependent fashion. Finally, an LQ trajectory tracking problem is formulated, revealing a partial differential Riccati equation, itself related to a linear PDO, for which an index theorem can be formulated.
LDV Systems
Given a differentiable n-D manifold 8, a dynamical system over 0 is defined by B(t) = f ( e ( t ) ) ; e(o) = o0 (1) From the coordinate independent point of view, f should be interpreted as a vector field, that is, a section Q + TQ through the tangent bundle T O with fiber R" of the manifold 0. The solution O ( t ) is viewed as a differentiable curve with its velocity defined in the tangent space d
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Depending on the global topology of 8, it is not always possible to have an everywhere nonvanishing vector field. Such a nonsingular vector field is a section through the tangent sphere bundle and there might be obstructions to constructing the latter section. A theorem due to Hopf asserts that, for a compact, orientable, smooth manifold 8, x(8) = xi index(Oi), where x denotes the Euler characteristics, the Oi's the singularities of the field, and index(.) the Brouwer degree of the local Gauss map.
In the applications considered here, (1) is some nominal dynamics that should be enforced via a small extraneous control effort U E U C RP. To this effect, we consider a perturbed dynamical system [3] In the above, f is defined as a section through the tangent bundle along the projection on the first fuctor map 7rl or equivalently a lifting of7r1. The latter means that the bottom right-hand corner triangle of the following diagram commutes
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The difficulty in defining a conyenient linearized tracking error is that f ( 0 ) and f(0,u) live in nearby, but different tangent spaces. To compare the two vectors 
Furthermore, redoing the same in the product space 8 x U and using the invariance relation (3) yields
'The conflict of notation that x is also the local coordinate vector is not dangerous. 
global parallelizability issues
Local, computationally attractive matrix representations for Ae, Be are guaranteed to exist. To obtain a global matrix representation of A @ , it is necessary to have a coordinate frame {els, ..., ens} in the tangent space Tee, smoothly depending on 0, VO E 8. This is the issue of pamllelizability of the manifold 8. Because a necessary condition for parallelizability is x(8) = 0, not all manifolds are parallelizable. However, as proved [9, Theorem 951, if 8 is a Lie group with a real Lie algebra, then 8 is parallelizable. If 8 is not parallelizable, the guiding idea is to attempt to construct a parallelizable covering manifold, if this is possible, and then "lift" the system to the covering space.
covering surface
Consider a continuous-time dynamical system running on a Mobius strip M , to be controlled so as to track the mid circle. Draw on the strip a &dependent reference frame: say, el orthogonal to the ribbon and e2 aligned with the ribbon. Clearly, the e2 axis has to be "flipped" across the edge where the two cuts of the ribbon are glued. The problem with this dynamical system can be seen from the fact that the state of the controlled LDV system, as a vector in the tangent space, is continuous across the bonding; however, since the e2 axis has t o be flipped, the state component z2 suffers a discontinuity across the bonding. To remove this difficulty, the intuitive idea is not to flip the reference frame at this stage, but allow the LDV system to run beyond the cut on another sheet, with a consistent reference frame, on top of the sheet of the first lap, and after two laps along the Mobius strip, there is no more misalignment of the axes. Mathematically, this amounts to cover the Mobius strip M with a "doubly twisted" Mobius strip A?, which is homeomorphic to a cylinder, and is hence parallelizable.
The Mobius strip example can be put in the following broader context: 
LQ LDV tracking
Clearly, if we want t o track a trajectory of (1) with the system (2), the linearized tracking error will be given by the LDV system ( 5 ) . Motivated by this tracking problem or by the dual synchronization problem, we define the following LQ problem: Since I + B*B > €1, ( I + B*B)-' has a differential and therefore so has Xe. In the proof that X satisfies the PDRE, the key point is that the principle of optimality implies that
is monotone increasing with t along the vector field f. This PDRE, related to the Hamilton-Jacobi-Isaacs equation, has uniqueness of its solution secured by the stabilizability property, itself equivalent to the maximality property. This maximality property allows us to solve the equation locally, and then "stitch" together all local solutions to get the global stabilizing solution. The following theorem allows us to choose the correct eigenvalues X and the correct invariant subspace in the kernel of the P,-xr operator: The operator P, is defined, locally in the coordinate patch, as a pseudo-differential operator [12] where zij(c), 6(c) denote the Fourier transforms of We(z) 
